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Abstract—An estimation method for statistical eye diagram in a
digital channel with nonlinear circuitry is proposed, which is based
on the superposition of multiple bit pattern responses method. The
proposed method captures the nonlinear effects in the channel by
using 2m bit pattern responses as bases for doing superposition. By
selecting a larger m, the nonlinear performance of the channel can
be captured more accurately. Besides the statistical eye diagram, a
corresponding bathtub curve computing method is also proposed,
which not only gives the total bit error rate (BER) distribution, but
also the BER when transmitting a logic “1” signal and the BER
of transmitting “0.” The proposed method is verified using two
different channel topologies: the push–pull output driver and the
open-drain output driver. The predicted results are in agreement
with the result of PRBS, while the CPU time of this method is much
less than PRBS.

Index Terms—Bit error rate (BER), channel evaluation, eye di-
agram prediction, nonlinear driver, probability density function,
signal integrity.

I. INTRODUCTION

VARIOUS methodologies for fast and accurate signal in-
tegrity (SI) estimation have been proposed [1]–[19] to

serve as substitutes for the time-consuming pseudorandom bit
sequence (PRBS) simulation. One category of these methods
uses superposition approach [2]–[9], in which the received
waveform of PRBS at receiver is constructed, approximately,
by using superposition of some basis waveforms. Instead of di-
rectly running the lengthy PRBS simulation, one only needs to
run circuit simulation for a relatively short period of time just
to obtain the received waveforms of those bases. Casper et al.
[2] take the single-bit response (SBR) as the only basis wave-
form for superposition. The SBR is the received waveform of
the input pattern “010.” Using SBR is equivalent to use the step
response alone, as investigated in [3]. If the output driver has
mismatched pull-up and pull-down transistors, then two step
responses, one being the “rising response” or the “01” response
and the other the “falling response” or the “10” response, are
needed as basis waveforms for superposition in order to have
accurate prediction, as developed in [4].

If the circuits are significantly nonlinear, there will be error us-
ing SBR or double step responses methods [4], [5]. For example,
when the output driver switches between 0 and 1, currents flow
through the power distribution network (PDN) and causes VDD
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to be perturbed. Before such transient ripples become stable, the
output driver will respond differently to the new incoming sig-
nals because of the time-dependent change of VDD bias voltage.
The system is therefore no longer linear time invariant (LTI). To
overcome this problem, Ren and Oh [6] proposed a technique
that is capable of capturing the nonlinear behavior of the driver
by using 2m bit pattern responses as the bases for superposition,
where “m” is called the order of the method and depends on the
nonlinearity of the driver. For slightly nonlinear driver, a small
m would be adequate. For m = 1, this method is equivalent to
the double step response method in [4]. With these bases, the
received PRBS waveform can be directly constructed and then
analyzed. Details will be given in Section II.

Apart from construction approach, there are estimation
method for the worst-case eye diagram [2]–[4], [6] as well as
statistical eye diagram [2], [7], [8]. In these methods, the basis
waveforms such as SBR or bit pattern responses are still re-
quired in the first step. Then the final eye diagram, either worst
case or statistical, is directly calculated by carefully inspecting
the basis waveforms. These estimation methods, also based on
the “principle” of superposition, have two advantages over the
aforementioned construction approach. First, the resulting eye
diagram is more accurate and reliable than the one obtained
using constructing approach in the sense that all possible linear
combinations of the bases are counted in these formulas. Sec-
ond, the computing time of these formulas only depends on the
number and the length of the bases, whereas the construction ap-
proach also depends on the length of the PRBS. If PRBS is short,
say, only 1000 bits, then the construction process is fast, but the
result is not highly reliable. If, on the other hand, the PRBS
is sufficiently long to include all possible bases combinations,
then the computing time will be much longer. The accuracy
of the estimation methods, however, is completely identical to
the construction approach with the same set of bases. Hence, as
long as the basis waveforms are adequate to model the nonlinear
behavior of the system within acceptable error, the estimation
methods will provide reliable results efficiently.

For the worst eye, estimation methods based on SBR [2], step
response [3], double step responses [4], and multiple pattern
responses [6] have been proposed. In [6], nonlinear effects are
included at the price of requiring 2m basis waveforms. For the
statistical eye, however, only the formulas for SBR [2] and dou-
ble step responses [7], [8] have been proposed, whereas those
for the more complicated multiple bit pattern basis remain un-
developed. Therefore, in this paper, an estimation method for
calculating statistical eye diagram based on the multiple pat-
tern scheme is proposed. Since 2m bases are used, nonlinear
effects are captured in the results. With the statistical distribu-
tion, far more information can be readily obtained, such as bit
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error rate (BER), bathtub curve, eye diagram combined with the
receiver random jitter, and the worst-case eye height and jitter
as well, which is just the inner boundary of the statistical eye
where the probability goes to zero. Section II will introduce the
mathematical background of these estimation methods. Section
III generalizes the formulas to the multiple bit pattern scheme.
Section IV verifies the proposed method by simulation. Section
V discusses some important issues about the proposed method.
Finally, a conclusion will be given.

II. MATHEMATICAL BACKGROUND OF ESTIMATION METHODS

Section II-A covers the basic equations of superposition tech-
nique and explains their meaning. Section II-B introduces the
idea of statistical analysis and the equation based on SBR.

A. Superposition Equation

The input signal x(t) of the output driver can be expressed as
the superposition of the unit step function u(t) in two ways

x(t) =
∞∑

n=0

(b[n] − b[n − 1])u(t − nT )

=
∞∑

n=0

b[n](u(t − nT ) − u(t − (n − 1)T )) (1)

where b[n] is the input binary signal (either 1 or 0) and T the
unit interval (UI), i.e., the period of one bit. If n < 0, b[n] = 0.
At the receiver end, the received signal y(t) can be approximated
as, following the second equality of (1)

y(t) =
∞∑

n=0

b[n]SBR(t − nT − Td) (2)

where Td is the time delay of the channel and SBR(t) ≡
y010(t + T + Td) is the received waveform when the input is
“010.” In the multiple bit pattern method [6], the received signal
is written as, following the first equality in (1)

y(t) =
∞∑

n=0

|b[n] − b[n − 1]|Sb[n−m ]...b[n−1]b[n ](t − nT − Td)

(3)

Sbm ...b1 b0 (t) ≡ ybm ...b1 b0 (t + mT + Td)

− ybm ...b1 b1 (t + mT + Td) (4)

where S(t) is the specific rising or falling response with m pre-
ceding bits being b[n − m] to b[n − 1], i.e., the waveform used
for superposition is dynamically selected based on the preceding
bit patterns. The factor |b[n] − b[n − 1]| indicates that we need
to superpose another basis only when there is a transition in the
input binary signal. Example of using such bases for superpo-
sition can be found in [5]. It can be seen from the definition of
S(t) that the shape of S(t) is either a single rising transition or
a single falling transition, starting at t = 0. This particular ris-
ing/falling transition is the one that carries the unique response
of the non-LTI system when the m preceding bits are b[n − m]
to b[n − 1]. Since the nonlinear effects usually do not propagate

over a very long time, by selecting m large enough presumably
all the nonlinear effects in the circuit can be captured in these
S(t)’s, at the cost of 2m many basis waveforms. Thus, m is called
the order and is a measure of the nonlinearity of the system.
Conceptually, selecting a larger m not only results in a more
accurate estimation but also makes the preparation work more
tedious. Practically, using order 2–4 would give reasonably ac-
curate results and the time required would be much less than
PRBS method.

B. Statistical Analysis

The statistical eye, or the probability density function (PDF),
proposed in [2], can be calculated recursively as

zk+1(t, v) =
δ(v − SBR(t − (k + 1)T )) + δ(v)

2
⊗ zk (t, v)

(5)
where δ(v) is the delta function, � the convolution operator on v,
and zk (t,v) the PDF with horizontal axis time, vertical axis volt-
age, and function value probability density. Note that the time
variable t � [0,T) and the index k goes from −N to −1, where N
is the duration (in UI) of SBR in which SBR(t) �= 0. The initial
condition is z(−N )(t, v) = δ(v). The 1/2 factor reflects that there
is an equal probability of transmitting “1” and “0.” The effect of
transmitting a “1” at (−k) bits earlier is just to add the voltage
SBR (t − kT) at the current UI. This fact follows directly from
(2). Thus, when transmitting a 1, we convolve the PDF with
δ (v − SBR(t − kT)). If a “0” is transmitted, the PDF convolve
with δ(v) and is unchanged, because from (2), no voltage will be
added to the current UI when transmitting a “0.” Thus, the PDF
zk (t,v) really means the probability distribution at the current
UI when the effects of (N) to (−k) UI earlier transmitted signals
are all considered. After running the convolution from k = −N
to −1, all possible intersymbol interference (ISI) effects on the
current bit due to previously transmitted signals are included in
the PDF. The final statistical eye is simply z0(t,v). Note that the
PDF is always normalized, i.e., Σv{zk (t, v)} = 1 ∀t.

III. PROPOSED ESTIMATION METHOD

Based on the multiple bit pattern superposition (3), we pro-
pose that the convolution algorithm (5) can be extended as

z
bm .. .b1
k+1 (t, v) =

1
2

δ(v − S0bm .. .b1 (t − (k + 1)T )) ⊗ z
0bm .. .b2
k (t, v)

+
1
2

δ(v − S1bm .. .b1 (t − (k + 1)T )) ⊗ z
1bm .. .b2
k (t, v)

(6)

where zbm ...b1
k (t, v) is, as before, the PDF at the current UI

when the effects of (N) to (−k) UI earlier transmitted signals
are considered, with the constraint that the (−k − m + 1) to
(−k) earlier transmitted bits are exactly bm , . . . , b1 . This extra
condition must be posed because, in the multibasis scheme, the
waveform used for superposition is selected based on what m-bit
pattern just transmitted is. For a particular m-bit pattern, zbm ...b1

k+1

can be achieved by two possible ways: z0bm ...b2
k followed by

a b2b1 transition, and z1bm ...b2
k followed by a b2b1 transition.

These correspond to the two convolutions in (6). The two bases
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S(t) inside the delta functions are just the right ones that not
only can be legally superposed after the bit pattern 0 bm . . . b2
or 1bm . . . b2 but also result in having the last m-bit pattern
being bm . . . b1 . Thus, they are combined in the convolution
to form zbm ...b1

k+1 (t, v). Note that if b2 = b1 , the two bases are
completely zero according to (4), which means that there was
no transition (−k) bits earlier, and thus, the PDF does not have to
change. The 1/2 factor reflects that there is an equal probability
of transmitting a “0” and a “1” signal. The index k goes from
−N to −1, where N is now the duration (in UI) of the longest
basis S(t) in which |S(t)| − V1 �= 0, where V1 is the voltage
difference between logic “1” and logic “0.” The initial conditions
are

zbm ...b1
−N (t, v) =

{
δ(v),

δ(v − V1),

if b1 = 0

if b1 = 1
. (7)

These initial conditions reflect that any switching—1 to 0 or
0 to 1—that happens more than N bits earlier is assumed to have
no ISI effects on the current UI. Thus, the initial condition is
simply a delta function at v = 0 or v = V1 .

For order m, there are total 2m PDFs that undergo convolution
concurrently. It can be easily checked that PDF zbm ...b2 1

k is
always in the form of a distribution around v = V1 , for −1 ≥
k ≥ −N , while zbm ...b2 0

k is around v = 0. It is important to note
that, although the voltage level of logic 0 may not be exactly
0 V, the basis waveforms S(t) always start from 0 V and then
rise to V1 or fall to −V1 . As a result, the PDF zk is around
either V1 or 0. We can, nevertheless, shift the final PDF to the
true voltage level of logic “1” and logic “0” after the whole
convolution process is done.

The final statistical distribution is obtained by adding all the
z0(t, v)’s together and then normalizing it. An example of a
1UI-wide eye diagram is shown in Fig. 1(a). A 2UI-wide eye
diagram, if preferred, can be constructed by duplicating the 1UI
eye and placing them side by side, as shown in Fig. 1(b). The
reason for doing this is that the probability distribution at any
UI should be completely identical, providing the probabilities of
transmitting a “0” and a “1” remain constant in time. As can be
seen in Fig. 1(b), the connection of the PDFs across the junction
between the two UIs is indeed very smooth. Alternatively, one
can properly shift the 1UI eye diagram to make the eye opening
locate right at the middle of the figure, as shown in Fig. 1(c).
After obtaining the statistical eye, which includes all the de-
terministic jitter, one can convolve it with the receiver random
jitter distribution to get the eye that includes both deterministic
and random jitter. We will take order 1 and order 2 as examples
to demonstrate the process of (6).

A. Case 1: Order 1

For order 1, there are only two bases: S01(t) and S10(t), which
correspond to a rising transition and a falling transition, respec-

Fig. 1. (a) Example of a statistical eye diagram computed from (6). The color
of each pixel represents the probability of having such voltage at such time. (b)
2UI statistical eye diagram obtained by duplicating the 1UI eye in (a). (c) 1UI
eye diagram obtained by properly shifting the eye in (a).

tively. Equation (6) reduces to
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z0
k+1(t, v) =

δ(v)
2

⊗ z0
k (t, v)

+
δ(v − S10(t − (k + 1)T ))

2
⊗ z1

k (t, v)

z1
k+1(t, v) =

δ(v − S01(t − (k + 1)T ))
2

⊗ z0
k (t, v)

+
δ(v)
2

⊗ z1
k (t, v)

(8)

with initial conditions
{

z0
−N (t, v) = δ(v)

z1
−N (t, v) = δ(v − V1)

(9)

For demonstration, assume the two bases are as in Fig. 2(a).
Here, N = 3 by definition. Then the process of (8) is illustrated
step by step as in Fig. 2(b). After three iterations, we obtain
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Fig. 2. (a) An example of order-1 bases: rising waveform S01 (t) and falling
waveform S10 (t). Both waveforms are 3UI long, i.e., N = 3. (b) An illustration
of the process (8) using the bases in (a). After three iterations of convolution,
the final PDFs are obtained. (c) Adding the two z0 (t, v) together results in the
complete statistical eye distribution. A 2UI eye diagram or a 1UI eye located
right at the middle of the figure can be obtained as shown.

z1
0 (t, v) and z0

0 (t, v). Here, z1
0 (t, v) is the probability density (or

simply probability, if the time and voltage axes are discretized)
at voltage v and time t when the transmitted signal just at this UI
is a “1.” Likewise, z0

0 (t, v) is the probability when transmitting
a “0” at this UI. The complete statistical eye diagram can be
constructed by simply adding z1

0 (t, v) and z0
0 (t, v) together and

dividing each element by two, as shown in Fig. 2(c).
The order 1 formulation (8) can be shown to be mathemati-

cally equivalent to the estimation method in [7] and [8], but the
basis waveforms used are quite different. In this paper, the bases
are defined based on the concept of multiple pattern responses
as in (4) and can be easily generalized to higher order cases.

Fig. 3. Comparison of the bases S001 (t) and S101 (t).

B. Case 2: Order 2

There are four bases for order 2: S001(t) and S101(t), which
are rising transitions, and S110(t) and S010(t), which are falling
transitions. An example of S001(t) and S101(t) is shown in
Fig. 3, from which a clear difference between them can be
observed. For channels like this, errors will occur if one uses
only order 1 bases to predict the eye diagram because in order-1
scheme, the rising transition S101(t) is assumed to be the same
as S001(t). This is why order 2 or higher order bases and their
corresponding estimation formulas are needed.

There are four PDFs for order 2. The formula (6) becomes
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z00
k+1(t, v) =

δ(v)
2

⊗ z00
k (t, v) +

δ(v)
2

⊗ z10
k (t, v)

z01
k+1(t, v) =

δ(v − S001(t − (k + 1)T ))
2

⊗ z00
k (t, v)

+
δ(v − S101(t − (k + 1)T ))

2
⊗ z10

k (t, v)

z10
k+1(t, v) =

δ(v − S010(t − (k + 1)T ))
2

⊗ z01
k (t, v)

+
δ(v − S110(t − (k + 1)T ))

2
⊗ z11

k (t, v)

z11
k+1(t, v) =

δ(v)
2

⊗ z11
k (t, v) +

δ(v)
2

⊗ z01
k (t, v)

(10)
The initial conditions are

⎧
⎨

⎩

z00
−N (t, v) = z10

−N (t, v) = δ(v)

z01
−N (t, v) = z11

−N (t, v) = δ(v − V1)
(11)

The process of (10) is illustrated in Fig. 4. Here, zb2 b1
0 (t, v)

is the probability distribution when the transmitted signal is
b1 right at the current UI and b2 at the previous UI. As before,
adding the four PDFs z00

0 (t, v), z01
0 (t, v), z10

0 (t, v), and z11
0 (t, v)

together and dividing it by 4 result in the final statistical eye
diagram.

C. PDF of Specific Signal Pattern

The 2m final PDFs zbm ...b1
0 (t, v) contain a lot of information.

Suppose the 2UI PDF in which the transmitted signal at the first
UI is “1” is required. We could synthesize it using zbm ...b1

0 (t, v)
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Fig. 4. Update process of (10). There are four PDFs and four bases for order
2.

as, assuming order m � 2

PDF1
1(t, v) =

∑

all possible
bm −1 ,...,b1

1
2m−1 zbm −1 ...b2 b1 1

0 (t, v)

PDF1
2(t, v) =

∑

all possible
bm −1 ,...,b1

1
2m−1 zbm −1 ...b2 1b1

0 (t, v) (12)

where PDF1
1(t,v) and PDF2

1(t,v) are the PDFs of the first and
second UI, respectively. The 1/2(m−1) factors are for normaliza-
tion. Likewise, the 2UI PDF in which the first UI is transmitting
a “0” can be constructed using (12) with zbm −1 ...b2 b1 1

0 and
zbm −1 ...b2 1b1

0 replaced by zbm −1 ...b2 b1 0
0 and zbm −1 ...b2 0b1

0 , re-
spectively. An example for order 2 is shown in Fig. 5, in
which (a) represents first bit “1” case and (b) represents first
bit “0” case. For (a), PDF 1

1 (t, v) = (z01
0 (t, v) + z11

0 (t, v))/2.
PDF 1

2 (t, v) = (z10
0 (t, v) + z11

0 (t, v))/2. For (b), PDF 0
1

(t, v)=(z00
0 (t, v)+z10

0 (t, v))/2. PDF 0
2 (t, v)=(z00

0 (t, v)
+ z01

0 (t, v))/2.
The formula mentioned earlier is suitable for order m �

2. For m = 1, we also need z1
−1(t, v) and z0

−1(t, v), which are
byproducts of the convolution process (8). For the first bit “1”
case, PDF1

1(t,v) = z0
1(t,v), and PDF 1

2 (t, v) = 1/2(z1
−1(t, v) +

z1
−1(t, v) ⊗ δ(v − S10(t))). For the first bit “0” case,

PDF 0
1 (t, v) = z0

0 (t, v), and PDF 0
2 (t, v) = 1/2(z0

−1(t, v) +
z0
−1(t, v) ⊗ δ(v − S01(t))). The reason is simple: Since

z−1
b(t,v) is the PDF at the current UI with the signal of previous

UI being “b” and all earlier ISI effects considered, the PDF at
the next UI with the signal at the current UI being “b” and all the
ISI effects up to the current UI considered, is also z−1

b(t,v). In
addition, there is either no transition or a bb transition at the next
UI. As a result, PDF2 is calculated as mentioned earlier. A final
2UI PDF similar to Fig. 5 can be obtained. If a specific 3UI PDF
is required, we need additional PDFs z1

−2(t, v), z0
−2(t, v) for or-

der 1 and z−1
00(t,v), z−1

01(t,v), z−1
10(t,v), z−1

11(t,v) for order
2. The construction formulas are similar to the ones mentioned
earlier.

Having a 2UI PDF as in Fig. 5, we can calculate the BER of
transmitting “1,” denoted as BER1 , and the BER of transmitting

Fig. 5. (a) 2UI PDF with the first UI transmitting “1.” (b) 2UI PDF with the
first UI transmitting “0.”

“0,” denoted as BER0 , as

BER1(t) =

⎧
⎪⎨

⎪⎩

∑
v<vt

PDF1
1(t, v), t < T

∑
v<vt

PDF1
2(t − T, v), t > T

BER0(t) =

⎧
⎪⎨

⎪⎩

∑
v>vt

PDF0
1(t, v), t < T

∑
v>vt

PDF0
2(t − T, v), t > T

(13)

where vt is the threshold voltage and t ∈ [0, 2T ). In other words,
BER1 is the total probability in PDF1 at a specific sampling time
t with voltage smaller than vt , and BER0 is the total probability
in PDF0 at sampling time t with voltage greater than vt . The
total BER can be calculated as BER(t) = BER1(t) + BER0(t),
from which the bathtub curve can be drawn. This serves as an
alternative way of obtaining the bathtub curve.
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Fig. 6. Push–pull driver used for simulation.

IV. SIMULATION RESULTS

Two types of circuits are used to verify the proposed method:
the push–pull driver and the open-drain driver, both are CMOS
90 nm process model. Here only package level PDN is included
with no board-level decoupling capacitor in order to make the
nonlinear effects more pronounced. The final PDF, eye width,
bathtub curve, and CPU time of each method are compared.

A. Push–Pull Driver

The topology of the push–pull driver used in simulation is
shown in Fig. 6. As the name implies, a push–pull driver pro-
vides a current path to high voltage and a current path to ground.
This type of driver can operate at high bit rates because the
PMOS and NMOS provide a fast switch for charging and dis-
charging. The two paths of charging and discharging, however,
result in more power consumption during operation, compared
with open-drain topology.

PDFs obtained from different methods are shown in Fig. 7,
including SBR, proposed method with order 1–4, and 213 bit
PRBS. The time axis is 1 ps/div. The voltage axis is 0.1 mV/div
during algorithm computation. After the algorithm process is
completed, the final PDF is merged to 1 mV/div for averaging,
in order to reduce possible numerical errors in SPICE.

Quantitatively, the differences between the PDFs obtained
from various orders and the PDF of PRBS simulation are calcu-
lated using the measure

Difference =
∑

t,v

|PDFmethod1(t, v) − PDFmethod2(t, v)|

(14)
which is the sum of the absolute value of the PDF difference at
each cell. The results are listed in the second column of Table I.
As can be seen from the table, the PDF difference becomes
smaller as the order increases, which indicates that higher order
results are closer to the PRBS’s result. The absolute values of
PDF difference, however, may not have a precise meaning. It is
not easy to say that a PDF difference of 30.55 is large or small.

Fig. 7. PDFs obtained from different methods.

TABLE I
COMPARISON BETWEEN DIFFERENT METHODS

Difference
[using (14)]

10−5 Eye Width Eye Width Error CPU Time (s)

SBR 59.4567 0.85 UI −2.3% 0.85
Order 1 50.1274 0.83 UI −4.6% 0.91
Order 2 30.5542 0.85 UI −2.3% 1.39
Order 3 28.5402 0.86 UI −1.1% 2.35
Order 4 26.2142 0.86 UI −1.1% 4.39
213 PRBS – 0.87 UI – 380.7

In Table I, the BER < 10−5 eye width, eye width error (com-
pared with PRBS), and CPU time of each case are also shown.
The eye widths of all cases are smaller than the eye width of
PRBS, but there is only 1 ps difference both for orders 3 and
4, which is the minimum time step used in SPICE. Thus, the
eye widths of orders 3 and 4 are actually quite accurate. The
CPU times of all cases, as can be seen, are much smaller than
the CPU time of PRBS simulation, which verifies the efficiency
of this method. The bathtub curve of each method is shown in
Fig. 8. Despite the innermost 1 ps eye width error, the overall
bathtub curves of orders 3 and 4 are very close to that of PRBS.

Overall, the nonlinear behavior of this push–pull circuit is not
so significant. As a result, the PDF and eye width estimations
of orders 3 and 4 are reasonably accurate. This can also be seen
from the basis waveforms of different orders. Some are plotted
in Fig. 9. S101(t), which is order 2 basis as shown in Fig. 9(a),
is quite different from S01(t), while S1001(t), S10001(t), and
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Fig. 8. Bathtub curves obtained using SBR, orders 1–4, and 8192-bit PRBS.

Fig. 9. Comparison of basis waveforms of different orders of the push–pull
driver in Fig. 6.

S100001(t), which are order 3, 4, and 5 bases, do not differ
significantly from S01(t). Similar phenomenon is observed in
Fig. 9(b), in which the order 3, 4 bases S0101(t) and S10101(t)
almost overlap the order 2 basis S101(t). These results indicate
that using order 3 bases would be adequate to capture most
nonlinear effects in this push–pull driver.

B. Open-Drain Driver

Open-drain driver is another topology that is commonly used
in circuit design. Open-drain driver replaces the PMOS of a
push–pull driver with a pull-up resistor. The channel setup is
shown in Fig. 10. The replacement of the pull-up resistor may
limit the maximum data rate, but it allows the receiver IC to
have a different VDD voltage.

The PDFs and bathtub curves of various methods, including
SBR, order 1–5, and 213-bit PRBS are plotted in Fig. 11. Again,
the time axis is 1 ps/div, while the voltage axis is 0.1 mV/div
during algorithm computation and merged to 1 mV/div after the

Fig. 10. Open-drain driver used for simulation.

TABLE II
COMPARISON BETWEEN DIFFERENT METHODS

Method Difference
[Using (14)]

10−5 Eye Width Eye Width Error CPU Time (s)

SBR 125.7937 0.550 UI −11.3% 0.83
Order 1 114.4328 0.465 UI −25.0% 1.21
Order 2 86.1790 0.305 UI −50.8% 1.97
Order 3 69.8080 0.370 UI −40.3% 3.50
Order 4 48.6141 0.500 UI −19.4% 6.65
Order 5 41.0283 0.530 UI −14.5% 12.74
213 PRBS – 0.620 UI – 612

convolution process is completed. Unlike the push–pull driver,
the open-drain driver is relatively nonlinear; thus, the predicted
PDFs are not similar to that of PRBS until orders 4 and 5. The
PDFs of SBR, orders 1, 2, and even 3, are all quite different
from the PDFs of PRBS. In particular, the PDF of SBR has a
“small-hill” at the upper half eye, which is not found in other
methods. This abnormal projection is a direct consequence of
using SBR superposition in an unbalanced rise/fall time channel.
The detailed phenomenon has been discussed in [4]. The PDFs
of orders 1, 2, and 3, although resemble the PDF of PRBS much
better than SBR, still have noticeable difference. Especially, the
eye openings of orders 1–3 are all significantly smaller than
that of PRBS. The PDFs of orders 4 and 5, evidently, are much
similar to the PDF of PRBS.

Direct comparison of PDFs using the measure (14) is listed
in Table II. The difference of PDFs goes down as the order
increases, which means that predicted PDFs of higher orders
are more and more similar to the PDF of PRBS. Because the
open-drain driver is much more nonlinear than push–pull driver,
we may need order 5 or even higher order bases to accurately
predict the PDF.

By looking at the eye widths in Table II and the bathtub
curves in Fig. 11(b), we find that the eye width of SBR is closer
to the eye width of PRBS than orders 1–5. Regarding the bizarre
appearance of the PDF of SBR, however, we consider this most-
accurate eye width prediction not reliable. Because the bathtub
curve and thus the eye width are computed based on the PDF,
the bathtub curve and the eye width of a large-error PDF are by
no means trustworthy.
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Fig. 11. (a) PDFs and (b) bathtub curves of SBR, orders 1–5, and PRBS.

Also, note that the order 2 eye width has a larger error than
order 1, in contrast to the decreasing error of PDF difference.
This is because, although the order 2 PDF difference is smaller
than order 1, it is still large compared with orders 3–5. A large
error PDF certainly does not guarantee a small error eye width.
On the other hand, by looking at the basis waveforms in Fig. 12,
we know that all the results of order 1–3 will not be so reliable,

Fig. 12. Comparison of basis waveforms of different orders of the open-drain
driver in Fig. 10.

and thus, the larger error of order 2 eye width does not have any
significance. In Fig. 12, clearly, the order 2 and 3 bases S101(t)
and S1001(t) both differ significantly from S01(t), and the or-
der 3 and 4 bases S1010(t) and S01010(t) differ significantly
from S010(t). The order 5 bases S100001(t), S011110(t), and
S101010(t), in contrast, largely overlap the order 1 bases S01(t)
and S10(t) and order 4 basis S01010(t), respectively, which in-
dicates that the remaining nonlinear effect that is not captured
in these order 5 bases is relatively rare. Thus, by looking at the
basis waveforms, we know that at least order 5 bases should
be used to characterize this open-drain circuit, and this also ex-
plains why the predicted PDFs of SBR and orders 1–3 are all
considerably different from the PRBS’s result. A quantitative
way of evaluating the difference of bases can be found in [5].

The bathtub curves in Fig. 11(b) are calculated using the con-
ventional jitter CDF method. It is worth comparing the bathtub
curves with the ones obtained from the proposed methods (12)
and (13), as shown in Fig. 13. Clearly, the proposed method
gives almost identical bathtub curves compared with the con-
ventional method, which verifies the validity of the proposed
method.

To sum up, two different drivers are used to test the proposed
PDF-estimation method described in Section III and the bundled
bathtub curve computing method in Section III-C. The push–
pull driver is quite linear and requires only order 3 bases to
estimate the PDF. The open-drain driver is relatively nonlinear
and requires order 5 or higher bases to accurately predict the
PDF. The divergence between the predicted PDFs and the PDF
of PRBS becomes smaller as the order increases. The overall
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Fig. 13. Comparison of bathtub curves obtained using the conventional jitter
CDF method and the proposed methods (12) and (13).

shapes of PDFs and bathtub curves of higher orders are within
acceptable errors compared with PRBS. The required order can
be roughly determined by comparing the difference between
the basis waveforms of different orders. The bathtub curves ob-
tained from the proposed method are in good agreement with
the conventional jitter CDF method. The CPU times of the pro-
posed algorithm for orders 1–5 are all much smaller than PRBS,
which verifies the efficiency of this algorithm.

V. DISCUSSION

Several important issues about the proposed method are dis-
cussed in this section, including the application, limitation, and
accuracy of the method.

A. Application of the Method

The proposed method is for SI evaluation mainly at the design
stage, during which only models (of circuit and package) are
available. With these models at hand, engineers may try running
the proposed method with order 3 or 4 to see the resulting eye
diagram, instead of directly running PRBS, which takes much
more time. Therefore, the proposed method is verified in this
paper only via simulation but not experiment.

B. Limitation of the Method

The multiple basis scheme only captures deterministic noise.
For random noise, only the receiver random jitter can be com-
bined into the final PDF via simple convolution as, for example,

see [9, Eq. (5)]. The influence of transmitter random jitter re-
mains a difficult task. In addition to transmitter random jitter,
sinusoidal jitter, duty cycle distortion, clocking scheme nonlin-
ear effects, and channel coding are also not incorporated into
the proposed method. Only when these effects are insignificant
that designers can use the proposed method confidently.

C. Accuracy of the Method

The accuracy of the proposed method is closely related to the
accuracy of the bases used. If the bases are accurate and cap-
ture most possible responses of the channel, then the proposed
method would also be accurate. The accuracy of the bases has
been investigated in [5] and [6] for some specific channels. Fur-
ther study is required. In addition to the number of basis, the
fidelity of the basis waveforms is another important issue. Since
all possible combinations of the bases are counted in (6), tiny but
long-lasting fluctuations of the basis waveform stemmed from
SPICE instability will be accumulated, resulting in an unreal-
istically small eye opening. To solve this problem, one could
truncate the basis waveform after it has reached ±V1 within
certain range of tolerance.

VI. CONCLUSION

An estimation method for statistical eye diagram based on su-
perposition of multiple bit pattern responses was proposed. The
method captured the nonlinear effects of the channel by using
2m bases. The method was time-saving compared with PRBS
simulation. Further extension of this method to include trans-
mitter random jitter, sinusoidal jitter, and duty cycle distortion
is an important future work.
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